By using the sixth order WKB approximation we calculate for an electromagnetic field propagating in D-dimensional Schwarzschild and Schwarzschild de Sitter (SdS) black holes its quasinormal (QN) frequencies for the fundamental mode and first overtones. We study the dependence of these QN frequencies on the value of the cosmological constant and the spacetime dimension. We also compare with the known results for the gravitational perturbations propagating in the same background. Moreover we exactly compute the QN frequencies of the electromagnetic field propagating in D-dimensional massless topological black hole and for charged D-dimensional Nariai spacetime we exactly calculate the QN frequencies of the coupled electromagnetic and gravitational perturbations.
Introduction
The quasinormal modes (QNMs) are characteristic oscillations of a black hole that depend on its parameters, for example, the mass, electric charge, and angular momentum. For an asymptotically flat black hole these modes are purely ingoing near the event horizon and purely outgoing at infinity. For other black holes the imposed condition far from the horizon can be different [1] , for example, we can impose that the field vanishes at infinity for asymptotically anti-de Sitter black holes [1] , [2] , although other boundary conditions may be used.
In four-dimensional asymptotically flat backgrounds the QNMs of gravitational perturbations are studied to explore the linear stability of the black holes and because it is expected that these modes may be detected by the gravitational wave observatories [1] . Moreover, in recent times the QNMs have been useful in other research lines [1] - [5] .
Recently the computation of the quasinormal (QN) frequencies of several higher dimensional black holes has attracted much attention. This interest is mainly motivated by the possibles applications of the QN frequencies in the following research lines a) the AdS-CFT correspondence of String Theory [2] , b) the study of the higher dimensional features of General Relativity [3] , c) the analysis of the physical implications of the different Brane World models [4] , and d) the understanding of the thermodynamical properties of black holes in Loop Quantum Gravity [5] .
Therefore there are many references where the QN frequencies of different higher dimensional backgrounds have been calculated, mainly for the Klein-Gordon and gravitational perturbations (for some examples see Refs. [6] - [34] ). In several of these references the analytical values of the asymptotic QN frequencies have been found [6] - [13] . In other the QN frequencies for low multipole number l and mode number n were computed by using numerical and semi-analytical methods [14] - [27] . Also, there are some higher dimensional backgrounds for which their QN frequencies have been exactly computed [28] - [34] .
As is well known, sometimes the electromagnetic field behaves in a different way than the Klein-Gordon and gravitational perturbations. For example in a recent paper [13] (see also [6] ), we calculate the asymptotic QN frequencies of the electromagnetic field propagating in D-dimensional Schwarzschild, Schwarzschild de Sitter (SdS), and Schwarzschild anti-de Sitter black holes. In that reference we find that there are some differences in the asymptotic behavior of the QN frequencies for the electromagnetic and gravitational perturbations. Thus we believe that the computation of the QN frequencies for the electromagnetic field propagating in D-dimensional spherically symmetric backgrounds is an interesting problem.
As far as we know, the low mode number QN frequencies of the electromagnetic field of vector type have been computed for Schwarzschild spacetime in five dimensions by Cardoso, et al. in Ref. [14] and some new results appear in Ref. [24] , too for the vector type electromagnetic perturbation. For D-dimensional SdS black holes only recently were published some results for the QN frequencies of the electromagnetic field [24] . Here we extend the findings of these references, since for both vector type and scalar type electromagnetic perturbations propagating in Schwarzschild and SdS backgrounds, in various spacetime dimensions, we calculate and study in detail the QN frequencies of the fundamental mode and first overtones for a larger range of multipole numbers.
Thus using the WKB method proposed and first employed in Refs. [35] - [38] , we compute the low mode number QN frequencies of the electromagnetic field propagating in D-dimensional Schwarzschild spacetime for D = 5, 6, 7, 8, 9, 10. For SdS background we also calculate some low mode number QN frequencies in D = 5, 6, 7, 8. For both spacetimes we compare with the previous results for the gravitational perturbations moving in the same background. We also find the large angular momentum limit of the QN frequencies for the electromagnetic field propagating in D-dimensional SdS spacetime.
Moreover, following Birmingham and Mokhtari [28] we exactly calculate the QN frequencies of the electromagnetic field propagating in a D-dimensional massless topological black hole. This spacetime can be considered as a D-dimensional generalization of the three-dimensional BTZ black hole [28] . Finally, for D-dimensional charged Nariai spacetimes we also calculate analytically the QN frequencies of the coupled electromagnetic and gravitational perturbations. This paper is organized as follows. In Sect. 2, following Kodama and Ishibashi [39] , we write the effective potentials of the Schrödinger type equations corresponding to the two types of electromagnetic perturbations propagating in D-dimensional black hole whose event horizon is a p-dimensional Einstein manifold (p = D − 2). In Sect. 3 we explain the basic facts on the WKB approximation that we use in the following two sections to compute the QN frequencies of the electromagnetic field. In Sect. 4 we calculate the low mode number QN frequencies of the electromagnetic field propagating in D-dimensional Schwarzschild black hole for D = 5, 6, 7, 8, 9, 10. For both types of electromagnetic perturbations we compare their oscillation frequencies and damping rates and we also compare these quantities of the electromagnetic fields with those of the gravitational perturbations. Also, for fixed angular momentum and mode numbers, we briefly study the dependence of the QN frequencies on the dimension of Schwarzschild spacetime.
As in Sect. 4 for D-dimensional Schwarzschild background, in Sect. 5 we compute the QN frequencies of the electromagnetic field moving in D-dimensional SdS black hole for D = 5, 6, 7, 8. In particular, for fixed angular momentum and mode numbers, we study in detail the dependence of its QN frequencies on the value of the cosmological constant and on the spacetime dimension. In Subsect. 5.1 we find the large angular momentum limit of the QN frequencies for the electromagnetic field propagating in D-dimensional SdS black hole. In Sect. 6 we exactly calculate the QN frequencies of the electromagnetic field propagating in a massless topological black hole. In Sect. 7 we discuss the main results of this paper. Finally in Appendix A, we exactly compute the QN frequencies of the coupled electromagnetic and gravitational perturbations propagating in D-dimensional charged Nariai background.
Electromagnetic field
If we take f as a function of the radial coordinate r and dσ 2 p as the line element of a p-dimensional Einstein space, then the metric of the form
includes many solutions of the D-dimensional Einstein-Maxwell equations with cosmological constant (D = p + 2) [39] - [42] . In Ref.
[39] Kodama and Ishibashi showed that when the spacetime has a metric of the form (1), for each perturbation type (scalar, vector, or tensor), the equations of motion for the coupled electromagnetic and gravitational perturbations simplify to Schrödinger type equations
1 See also Ref. [40] .
where x is the tortoise coordinate defined by
and the effective potentials V (r) are complicated functions of the coordinate r and the black hole parameters (for example see formulas (3.7), (4.38), and (5.61) in Ref. [39] ).
In the main body of this paper we study the QNMs of the electromagnetic field propagating in Schwarzschild, SdS, and massless topological black holes. So we use the equations of Ref. [39] when the electric charge is equal to zero, that is, the electromagnetic and gravitational perturbations are decoupled.
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For this case the equations of motion for the electromagnetic perturbations simplify to Schrödinger type equations (2) with effective potentials equal to [39] 
for vector type perturbations and
for scalar type perturbations (see also Refs. [43] ). In Eqs. (4) and (5), k 2 V and k 2 S are the eigenvalues of the vector type and scalar type tensor harmonics on the p-dimensional Einstein space with line element dσ 2 p and the function f (r) is given by [39] 
where K = ±1, 0; λ = 2Λ/(p(p + 1)), Λ is the cosmological constant, and the quantity M is related to the mass of the spacetime with metric (1).
WKB approximation
To calculate the QNMs of a spacetime there are several numerical and semi-analytical methods, (see Refs.
[1] for reviews of these methods). Here using the sixth order WKB method [16] , [35] , [36] , we calculate the QN frequencies of the electromagnetic field propagating in D-dimensional Schwarzschild and SdS black holes in Sects. 4 and 5 respectively. Thus it is convenient to make a brief discussion of the WKB method. The WKB approximation is based on the analogy that exists between the scattering of waves on the peak of a potential barrier in Quantum Mechanics and the QNMs of a black hole. The use of the WKB approximation for calculating the QN frequencies of black holes was proposed by Schutz and Will in Ref. [35] , and their formula was generalized to third order beyond the eikonal approximation by Iyer and Will [36] and more recently it was extended to sixth order beyond the eikonal approximation by Konoplya in Ref. [16] .
In the sixth order WKB approximation the QN frequencies of a black hole are given by the formula [16] , [36] 
where n is the mode number, V 0 is the maximum value of the effective potential and V ′′ 0 the value of its second derivative at the maximum. The expressions for Λ 2 and Λ 3 are given in Eqs. (15.a) and (15.b) of Ref. [36] and those for Λ 4 , Λ 5 , and Λ 6 appear in Appendix A of Ref. [16] .
It is well known that the third order WKB approximation yields results with an accuracy of 1% for both real and imaginary parts of the QN frequencies as n < l, where l is the angular momentum number (multipole number). Previous results showed that using the sixth order WKB we can get more accurate values for the QN frequencies and sometimes the findings are identical to those obtained by means of more complex numerical methods [16] . Therefore we believe that the WKB approximation is an efficient method to calculate the low mode number QNMs of several black holes and it has been used in several references, for example [16] , [17] , [18] , [27] , [36] , [37] , [38] , [44] - [49] .
It was noted that if the number of dimensions increases then the WKB approximation converges more slowly [16] , [27] . Moreover, if the number of dimensions increases then the convergence of the WKB method for the modes with n = l or n = l − 1 is slower and in some cases we cannot assert that the WKB formula (7) gives reliable results for the values of the QN frequencies of some fields.
D-dimensional Schwarzschild black hole
Using the sixth order WKB approximation [16] , [36] , in this section we compute the QN frequencies of the electromagnetic perturbation propagating in D-dimensional Schwarzschild black hole for D = 5, 6, 7, 8, 9, 10. Noticing that for these spacetimes λ = 0, k
, the effective potentials for the vector type (4) and scalar type (5) electromagnetic fields take the form
where for (p + 2)-dimensional Schwarzschild background the function f (r) of formula (1) is equal to
and in this spacetime the quantity dσ 2 p , which also appear in formula (1) , is the line element of a p-dimensional sphere.
In the present section we take the constant M equal to 1 (M = 1). An analysis of the plots for the effective potentials (8) and (9) shows that these take the form of potential barriers such that at the horizon and at infinity these tend to constant values.
For the cases that we study below, from the graphs of the effective potentials for the vector type perturbations we note that these are positive definite for r > r H , where r H is the radius of the black hole horizon.
In the cases that we analyze below for the scalar type perturbations the effective potentials are positive definite for r > r H except when the angular momentum number takes the value l = 1 and the spacetime dimension is D = 7, 8, 9, 10, and when the angular momentum number is l = 2 and the spacetime dimension is D = 10.
Taking into account these facts and using the formula (7), which determines the QN frequencies in the sixth order WKB approximation, we find for the vector type and scalar type electromagnetic fields the results presented in Tables 1-6 For the cases in which the effective potentials have in addition to the usual maximum, a minimum outside the horizon of the black hole, we expect that the WKB approximation is not valid [16] , [36] ; but even in these cases, using formula (7) we calculate the QN frequencies since our numerical results for the third, fourth, fifth, and sixth order WKB approximation converge well and we give these values in Tables 3-6. We only distinguish with an asterisk * the QN frequencies of the scalar type electromagnetic perturbations that we get for these values of the multipole number and spacetime dimension.
In D-dimensional Schwarzschild black hole for the QN frequencies of the scalar type gravitational perturbations a similar method was used by Berti, et al. in Ref. [25] for the cases in which the effective potentials for the gravitational perturbations of scalar type are not positive definite.
As far as we know there are few results in the literature on the low mode number QN frequencies of the electromagnetic field propagating in D-dimensional Schwarzschild background. We know those presented in Fig. 3 and Table V of Ref. [14] for the vector type perturbations propagating in a five-dimensional Schwarzschild spacetime. For low mode numbers our values are in good agreement with those of Cardoso, et al. [14] (see our Table  1 ). In the present work and the previously mentioned reference the mass is measured in different units. The relation between both sets of values for the QN frequencies is
where ω v are the values of the QN frequencies that we calculate here and ω C are the values provided by Cardoso et al. in Ref. [14] .
For other recently published QN frequencies of vector type electromagnetic field propagating in D-dimensional Schwarzschild black hole for D = 5, 6, 7, 8, 9, 10, l = 2, and n = 0 see the first row in Tables III and V of Ref. [24] .
3 Further, we note that in the previous references the QN frequencies for the electromagnetic perturbations of scalar type were not calculated.
From Tables 1-6 , for the values of the QN frequencies for the vector type and scalar type electromagnetic perturbations we find that the real and imaginary parts of these frequencies satisfy
Moreover, from our results for the imaginary parts we notice that the inequality (12) is not valid only for p = 4, l = n = 1 (see Table 2 ), but it is probable that the numerical errors are the causes of the atypical behavior that we find for these values of p, l, and n, since for n = l the WKB method converges more slowly, as we mentioned before. Thus the inequalities (12) are similar to those that satisfy the low mode number QNMs of the gravitational perturbations propagating in D-dimensional Schwarzschild background [25] , [27] . Hence in similar way to the gravitational perturbations, we find that the vector type electromagnetic fields have a greater oscillation frequency and larger damping rate than the scalar type electromagnetic perturbations (except for a case).
From Tables 1-6 we infer that for fixed p, l, and for both types of electromagnetic perturbations the real and imaginary parts of the QN frequencies decrease as the mode number increases.
In Sect. 3 we commented that in some previous works was observed that as the number of dimensions increases and n = l or n = l − 1, the WKB approximation converges more slowly. In our computations we have obtained that for D = 8, 9, 10, the numerical values of the QN frequencies do not converge for some modes with n = l or n = l − 1. For these cases the corresponding cell of the table is left blank (for example see Tables 4-6 ). In these tables we also note that for higher values of p the number of cells left blank in the corresponding table increases. Thus as p increases the WKB formula (7) converges more slowly. Hence our results suppport the claims of previous works.
Comparing our values with those of Tables I and II of Ref. [27] we find that the real ω v R,G and imaginary ω v I,G parts of the QN frequencies for vector type gravitational perturbations satisfy
for n = 0, p = 3, 4, 5, 6, 7, 8 and l = 2, or l = 3. Furthermore, the real ω s R,G and imaginary ω s I,G parts of the QN frequencies for scalar type gravitational perturbations satisfy
for l = 3, n = 0, and p = 3, 4, 5, 6, 7. Thus for both types of perturbations and for these values of p, n, and l, the oscillation frequency and the damping rate of the electromagnetic perturbations are larger than those for the gravitational perturbations of the same type. For fixed angular momentum and mode numbers, as the dimension of Schwarzschild background increases from D = 5 up to D = 10 the real and imaginary parts of the QN frequencies for vector type and scalar type electromagnetic perturbations are plotted in Figs. 1-4. These figures show that for fixed p and n and for both types of electromagnetic perturbations the real parts of the QN frequencies are different for different values of the angular momentum number (the real part increases as the angular momentum number 4 In this paper the imaginary parts of the QN frequencies are negative numbers and except for the QN frequencies (29) , (30) , and (45) we only consider the frequencies with positive real parts. 5 We recall that ω increases). The reason of this behavior is provided in Subsect. 5.1 below. Also, for fixed l and n the real parts of the QN frequencies increase as the number of dimensions increases. Moreover for the cases studied here and for fixed p and n, Figs. 1-4 show that the imaginary parts of the QN frequencies are almost equal (in the scale of these figures) for different values of the angular momentum number, except for the imaginary parts of the QN frequencies for the vector type perturbations with parameters l = 2, n = 1, which are manifestly different from those with l = 3, or l = 4, and n = 1 in D = 9 and D = 10 dimensions (see Fig. 2 ). Furthermore for fixed l and n the imaginary parts of the QN frequencies decrease as the number of dimensions increases.
Finally, we do not compare our results for the electromagnetic field with those of Table  III in Ref. [18] . In the previous reference are studied the QNMs of the electromagnetic field propagating in a four-dimensional background and the extra spatial dimensions only change the effective metric of the four-dimensional spacetime.
D-dimensional Schwarzschild de Sitter black hole
In Refs. [18] , [27] , [46] - [49] the WKB method has been used previously to compute the QN frequencies of different fields moving in four and D-dimensional SdS black holes. As in the previous section for Schwarzschild background, here we use the sixth order WKB approximation of Ref. [16] to compute the QN frequencies of the electromagnetic field propagating in D-dimensional SdS black hole for D = 5, 6, 7, 8, filling a gap in the literature.
For D-dimensional SdS spacetime the effective potentials (4) and (5) of the electromagnetic field take the form (λ = 0)
where the function f (r) of formula (1) for this spacetime is equal to
and dσ 2 p denotes the line element of a p-dimensional sphere as for Schwarzschild black hole.
Taking M = 1 in formula (17), we find that the metric of formula (1) describes a black hole with a cosmological horizon if the parameter λ satisfies the following condition 6 [39]
We assume that the D-dimensional SdS black holes that we study below in this section satisfy this condition.
In Ref. [24] was studied numerically the linear stability of D-dimensional SdS black holes against gravitational perturbations of scalar type, since for this type of gravitational perturbations the effective potentials are not positive definite. No gravitational instability was found in the previous reference.
For (p+2)-dimensional SdS spacetime with p = 3, 4, 5, 6, the electromagnetic field with l = 2, 3, 4, 5, and the values of λ that we study here, the graphs of the effective potentials (15) and (16), show that they are definite positive as the radial coordinate varies between the cosmological and black hole horizons. Also, the same graphs show that these effective potentials tend to constant values at the cosmological and black hole horizons.
From formula (7) and the effective potential (15) we get that the real and imaginary parts of the QN frequencies for the vector type electromagnetic perturbations depend on the value of the parameter λ as plotted in Figs. 5 and 6 (l = 3, n = 0, and p = 3, 4, 5, 6) and Figs. 7 and 8 (l = 4, n = 0, and p = 3, 4, 5, 6). For the scalar type electromagnetic perturbations the real and imaginary parts of the QN frequencies depend on the parameter λ as depicted in Figs. 9 and 10 (l = 3, n = 0, and p = 3, 4, 5, 6) and Figs. 11 and 12 (l = 4, n = 0, and p = 3, 4, 5, 6).
Furthermore for both types of electromagnetic perturbations with l = 2 and l = 5 we also calculate the dependence on the parameter λ of their QN frequencies for n = 0 and p = 3, 4, 5, 6. The results that we found for the QN frequencies with these angular eigenvalues behave similarly to those depicted in Figs. 5-12 for l = 3 and l = 4. For the same values of p and l, but with n = 1 we calculate the dependence on the parameter λ of the QN frequencies for both types of electromagnetic perturbations. The obtained results behave similarly to those for n = 0 that we have plotted in Figs. 5-12.
For l = 2, 3, 4, 5, n = 0, 1 and p = 3, 4, 5, 6, from the results depicted in Figs. 5-12 and other that we do not plot here, we find that the absolute values of the real and imaginary parts of the QN frequencies for scalar and vector type perturbations satisfy the same inequalities (12) that the corresponding quantities for Schwarzschild black hole. Thus the oscillation frequency of the vector type electromagnetic perturbations is greater than that of the scalar type electromagnetic fields, similar to the gravitational perturbations propagating in D-dimensional SdS black hole [27] . Further, for these values of p, l, and n the damping rate for vector type electromagnetic fields is greater than for scalar type electromagnetic fields, similar to the gravitational perturbations [27] .
Also from Figs. 5-12 we note that for fixed l and n as the value of the parameter λ increases, in some cases the absolute values of the real and imaginary parts of the QN frequencies decreases up to 80%. Thus the electromagnetic field damp more slowly and its period of oscillation increases as the quantity λ grows from zero to its extremal value (see formula (18) ). This behavior is similar to that previously observed for fields of different spin moving in a four-dimensional SdS black hole [46] , for gravitational perturbations in higher dimensional SdS spacetime [24] , [27] , and for massless fields propagating in Brane World SdS black hole [18] .
Above we have calculated the QN frequencies of the electromagnetic field with l = 2, 3, 4, 5, propagating in D-dimensional SdS black hole for several values of λ. Observe that we have not provided the results of the QN frequencies for both types of electromagnetic perturbations with l = 1. For this value of the angular momentum number and for some values of the parameter λ the effective potentials of the scalar type electromagnetic field in D = 7 and D = 8 spacetime dimensions are not definite positive outside the black hole horizon (for this value of l, the effective potentials for vector type perturbations are definite positive). As in the previous section, for the electromagnetic field with l = 1 propagating in D-dimensional SdS black hole, we compute, using again the WKB method, its low mode number QN frequencies.
Our results for the vector type electromagnetic field show that the dependence upon λ of the real and imaginary parts of its QN frequencies is similar to those depicted in Figs. 5-12. For scalar type electromagnetic perturbations the numerical values that we find for the fundamental mode n = 0, show that the dependence on λ of the QN frequencies is similar to the previous cases, but for n = 1 the real and imaginary parts of the QN frequencies have a dependence on λ different from the cases plotted in Figs. 5-12 . The difference is more significant in the plot for the real parts of the QN frequencies.
Another curious fact about these QN frequencies with l = 1 is that for some values of λ the imaginary parts of those corresponding to electromagnetic fields of vector type can be larger than those of the scalar type electromagnetic perturbations. Thus for these values of the cosmological constant and multipole number, the scalar type electromagnetic perturbations are more damped than those of vector type, which is different from the behavior found in Schwarzschild black hole. Since the WKB method applies to definite positive potentials and the effective potential of scalar perturbations can be negative for l = 1 outside the black hole horizon, we believe that these results deserve further investigation.
For λ = .070 and for vector type and scalar type electromagnetic perturbations, in Figs. 13 and 14 we plot the dependence of the QN frequencies on the spacetime dimension. In these figures we observe that for fixed l and n the imaginary part decreases and the real part increases as the number of dimensions increases similar to Schwarzschild black hole previously discussed in Sect. 4.
For the vector type and scalar type electromagnetic perturbations and for fixed p, the imaginary parts of the QN frequencies are almost equal for l = 2, 3, 4, and n = 0 (in the scale of the figure), while for different values of l the real parts of the QN frequencies are distinct, (the real parts of the QN frequencies increases as the angular momentum number l increases). These facts agree with formula (25) (see the following subsection), from where we can see that in the large angular momentum limit the real part of each mode is proportional to l and the imaginary part tends to a constant value which depends on the spacetime dimension and the mode number. It is convenient to note that formula (25) is obtained in the limit l → ∞, but as is well known it also works well for small values of the multipole number [17] , [18] .
From Fig. 1 of Ref. [27] and our Fig. 5 we deduce that for SdS black hole the real parts of the QN frequencies for the gravitational ω 
for l = 3, n = 0, and p = 3, 4, 5. From Fig. 2 of Ref. [27] and our results we cannot infer the inequality that satisfy the imaginary parts of the QN frequencies for the gravitational and electromagnetic perturbations of vector type. Nevertheless our preliminary calculations for the QN frequencies of the vector type gravitational perturbations show that for p = 3, 4, 5, 6, n = 0, and l = 2, 3, 4, 5 their real parts satisfy the inequality (19), while for some values of l, p, and λ the imaginary parts of the frequencies for the vector type electromagnetic field are greater than those of the vector type gravitational perturbations and for other values of l, p, and λ those of the gravitational perturbations are greater.
Furthermore, see Tables V and VI of the recently published work [24] . 7 In these tables the fundamental QN frequencies for l = 2 of the electromagnetic (Table V) and gravitational (Table VI) perturbations of vector type moving in D-dimensional SdS black holes are found for D = 5, 6, 7, 8, 9, 10, and several values of the cosmological constant. We note that for the same values of D and the cosmological constant, the imaginary parts of the QN frequencies for the gravitational perturbations may be greater or less than the corresponding quantities of the electromagnetic fields. We believe that the implications of this fact deserve further investigation, because it is different from the previously known result for Schwarzschild black hole.
Moreover in Ref. [24] for D-dimensional SdS spacetime the QN frequencies of the scalar type electromagnetic perturbations were not calculated. We believe that additional research on this type of electromagnetic perturbation is necessary, in particular it is interesting to investigate whether the imaginary parts of their QN frequencies are always greater than corresponding quantities of the gravitational perturbations or if these can be smaller, as for vector type perturbations.
For near extremal D-dimensional SdS black hole, the QN frequencies of the electromagnetic field were computed analytically in Appendix B of Ref. [34] . In that paper was noted that for near extremal D-dimensional SdS black hole the effective potentials (15) and (16) take the form of a Pöschl-Teller potential and therefore by using the results of Refs. [50] we can calculate exactly their QN frequencies. For more details see Appendix B of [34] and references cited therein. Our numerical values are not sufficiently accurate for λ near the extremal value (18); therefore we cannot compare our findings with those obtained by employing the analytical formulas of Ref. [34] for near extremal D-dimensional SdS black hole.
As for D-dimensional Schwarzschild black hole (Sect. 4) we do not compare our results for the QN frequencies of the electromagnetic field propagating in SdS backgrounds with those provided in Table V of Ref. [18] for the same field propagating in Brane World SdS black hole, since in this last reference the fields are evolving in a spacetime that is effectively four dimensional, and the extra spatial dimensions only modify this metric in four dimensions.
We finally point out that for p = 2, in Schwarzschild black hole both potentials (4) and (5) are equal and therefore these yield the same QN frequencies for the electromagnetic field propagating in this background. This also happens for SdS black hole in four dimensions.
Large angular momentum limit
As is well known, in the large angular momentum limit (l → ∞) it is possible to find an analytical expression for the QN frequencies of several black holes [16] , [17] , [31] , [36] , [46] , [51] . In this subsection we calculate the large angular momentum limit of the QN frequencies for the electromagnetic field propagating in D-dimensional SdS black hole.
Our result (25) has been previously obtained in Ref. [31] by Vanzo and Zerbini using the analytic dilatation approach. For completeness, here by exploiting the first order WKB approximation we provide an alternative derivation.
As l → ∞, both effective potentials (15) and (16) simplify to the expression
and using the first order approximation of WKB formula (7) we find that the QN frequencies are determined by [35] , [36] 
where V 0 and V ′′ 0 were defined in Sect. 3. The effective potential (20) has its maximum at
and as a consequence we find that the quantities V 0 and V ′′ 0 are equal to
Substituting expressions (23) and (24) into formula (21), we find that in the limit l → ∞ the QN frequencies are given by
which is the result already obtained by Vanzo and Zerbini in [31] (see Eqs. (5.7) and (7.4) in that reference). Only notice that in Ref. [31] the mass of SdS spacetime appear explicitly in the final expressions. In this section it has a fixed value (M = 1). Formula (25) generalizes to higher dimensions the expression obtained by Zhidenko in expression (19) of Ref. [46] , and simplifies to Eqs. (12) and (13) of Ref. [16] in the Schwarzschild limit. (See also Eq. (38) of Ref. [17] and the comments in Ref. [24] .) In formula (19) of Ref. [46] the mass appear explicitly. Konoplya in Ref. [16] measured the mass in different units and therefore the Schwarzschild limit of our result (25) must be multiplied by a factor of 1/2 (D−4)/(D−3) to get that of Ref. [16] . Also, Berti, et al. in Ref. [25] computed the same limit for the QN frequencies of the gravitational perturbations moving in D-dimensional Schwarzschild black hole (see formula (26) in [25] ). In the previous reference a different normalization for the mass is used. (The Schwarzschild limit of our result (25) must be multiplied by 2 1/(p−1) to get formula (26) of Ref. [25] .)
It is convenient to note that Konoplya in Ref. [16] calculated the large angular momentum limit for the QN frequencies of the Klein-Gordon field, but in this limit the effective potentials for the electromagnetic, gravitational, and Klein-Gordon perturbations simplify to the form (20) , and therefore the QN frequencies of these three fields are equal as l → ∞, thus they are isospectral in this limit.
D-dimensional massless topological black hole
The knowledge of many exactly solvable systems is useful and allow us to study in detail some properties of the physical phenomena; moreover in other cases the exactly solvable systems are limits of more realistic problems and can be used as test beds for new methods of computation before we apply these methods to study more realistic and complicated questions.
In D-dimensional spacetimes (D > 4) we know some fields for which an exact computation of their QNMs is possible, see for example [28] - [34] and references therein. We can expect that the exactly calculated QN frequencies may play an important role in future research. In this section we provide an additional example.
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A simple solution of the Einstein equations with negative cosmological constant is the D-dimensional massless topological black hole [29] , [41] , whose metric can take the form (1), where for this black hole the quantity dσ 
where the quantity L is related with the cosmological constant. According to Birmingham and Mokhtari this metric can be considered a higher dimensional analogue of BTZ black hole [28] . The QNMs of the massless topological black hole (26) are solutions to the equations of motion for the fields that satisfy the boundary conditions a) the field is ingoing at the event horizon, b) the field is equal to zero at infinity [29] . Recently the QN frequencies for a massive scalar field [29] and for the three types of gravitational perturbations [28] propagating in this spacetime were calculated exactly. Here we compute the corresponding QN frequencies for the two types of electromagnetic perturbations. Also see [52] for other references in which the propagation of fields in several topological black holes is studied.
We first note that in a D-dimensional massless topological black hole the effective potentials (4) and (5) of the electromagnetic field take the form
for vector type modes and
for scalar type modes. In the previous two equations Q V = k The effective potentials (27) and (28) are equal to the effective potentials of the vector type and scalar type gravitational perturbations, respectively. Therefore using the results by Birmingham and Mokhtari of Ref. [28] we get the following QN frequencies for the vector type electromagnetic perturbations
where the mode number takes the values n = 0, 1, 2, ..., and for the scalar type electromagnetic perturbations we find
In the preceding two formulas (29) and (30), for each D we use the quantities ξ V and ξ S defined by the following expressions
Thus we get an identical mathematical expression for the QN frequencies of the vector type gravitational and electromagnetic perturbations of the D-dimensional massless topological black hole. This also occurs for the scalar type gravitational and electromagnetic perturbations. Something similar happens for the QN frequencies of de Sitter spacetime, as was shown in Ref. [34] . We only notice the following detail, for the electromagnetic and gravitational perturbations the considered eigenvalues of the Laplacian in each case can be different.
To finish the present section we point out that the effective potentials (27) and (28) can take the Pöschl-Teller form
where x is the tortoise coordinate (3), which for the massless topological black hole (26) is equal to
and satisfies x → −∞ as r → L and x → 0 as r → ∞. The constants A V,S and B V,S for both gravitational and electromagnetic perturbations of vector type and scalar type take the form
For other examples of spacetimes whose effective potentials can take the form (32), see Table 1 in Appendix C of Ref. [34] , where a comprehensive list is provided.
Discussion
Here for the electromagnetic field propagating in D-dimensional Schwarzschild and SdS black holes we compute its low mode number QN frequencies, filling a gap in the literature. In Ref. [13] we show that in these spacetimes the asymptotic behavior of the QN frequencies for the electromagnetic perturbations is different from that for the gravitational perturbations. Nevertheless, in some cases the low mode number QN frequencies of the electromagnetic field behave similarly to those of the gravitational perturbations (or other massless fields) propagating in the same background. For example, the low mode number QN frequencies of the electromagnetic field moving in Schwarzschild black hole with D = 5, 6, 7, 8, 9, 10, have a similar behavior to those of the gravitational perturbations propagating in this spacetime. For identical values of p, l, and n the vector type electromagnetic perturbations are more damped and have a greater oscillation frequency than the scalar type electromagnetic fields, except for p = 4, l = n = 1, as we noted in Sect. 4. Notice too that for the same type of perturbation (scalar or vector) and the same values of p, l, and n the QN frequencies of the electromagnetic field are more damped and their real parts are greater than those corresponding to gravitational perturbations.
Using different methods, for example those exploited in Ref. [24] , for Schwarzschild black hole we should compute the values of the QN frequencies for scalar type electromagnetic fields distinguished with an asterisk in Tables 3-6 to prove or disprove these results. For these values of the quantities p and l, outside the horizon the effective potentials in addition to the usual maximum, they have a minimum near the horizon and due to the existence of a secondary scattering process near this minimum, we expect that the WKB formula (7) is not valid. Nevertheless we find that the third, fourth, fifth, and sixth order WKB formulas converge to the values given in Tables 3-6 . Thus the new values for these QN frequencies may be useful to determine if we can use the WKB approximation despite the existence of the additional minimum in the effective potential or it is necessary an improvement of this method in order to use it in similar cases, for example, for the electromagnetic perturbations of scalar type with l = 1 moving in seven-and eight-dimensional SdS black holes (see Sect. 5).
For D-dimensional SdS black hole, as the cosmological constant increases from zero up to the extremal value, the real and imaginary parts of the QN frequencies for the electromagnetic field behave in a similar way to the real and imaginary parts of the QN frequencies for the gravitational perturbations and other massless fields previously computed in Refs. [18] , [27] , [46] - [49] .
Moreover, in D-dimensional SdS black hole for some values of the cosmological constant, multipole number, and mode number we have found evidence that for the QN frequencies of the vector type electromagnetic field are less damped than the corresponding QN frequencies of the vector type gravitational perturbation. Thus the cosmological horizon of SdS black hole change the behavior of the fields observed in asymptotically flat black holes. If something similar happens for scalar type electromagnetic and gravitational perturbations is an interesting question.
In SdS black hole, for l = 1 we found some values of λ and D for which the scalar type electromagnetic fields are more damped than those of vector type. This behavior is different from that observed in Schwarzschild black hole. For Schwarzschild spacetime the vector type electromagnetic perturbations are more damped than those of scalar type. We believe that the implications of these results deserve further investigation.
As far as we know the numerical calculation of the asymptotic QN frequencies of the electromagnetic field propagating in Schwarzschild (D > 5) and SdS (D ≥ 5) black holes is lacking. It would be interesting to calculate numerically these asymptotic QN frequencies to prove or disprove the results of Ref. [13] .
For some simple solutions of the Einstein equations, as the massless topological black hole (see Sect. 6) and de Sitter spacetime (see Ref. [34] ), the QN frequencies of the vector type electromagnetic and gravitational perturbations are determined by the same mathematical expression. This also happens for the scalar type electromagnetic and gravitational perturbations. Therefore only the type of the perturbation (vector or scalar) determines the mathematical form of the QN frequencies corresponding to these backgrounds. Notice that in these spacetimes the gravitational perturbations of tensor type have different QN frequencies than the vector type and scalar type perturbations. 10 
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A QN frequencies of D-dimensional Nariai solution
As we previously commented, there are D-dimensional spacetimes whose QN frequencies can be exactly calculated (see for example Refs. [28] - [34] , and the previous Sect. 6). One of these spacetimes is the D-dimensional Nariai background [42] for which the QN frequencies of a massless Klein-Gordon field were computed exactly in Ref. [31] (and therefore those of the tensor type gravitational perturbation). Moreover the QN frequencies of a massive Klein-Gordon field were calculated in Appendix C of Ref. [34] .
In this appendix our main objective is to compute the QN frequencies of the coupled electromagnetic and gravitational perturbations of scalar type and vector type propagating in D-dimensional charged Nariai spacetime [39] . So we provide additional perturbations for which their QN frequencies can be exactly calculated in this background and therefore we extend the results of Refs. [31] , [34] . Note too that there are no coupled electromagnetic and gravitational perturbations of tensor type [39] .
The metric of D-dimensional charged Nariai spacetime is given by [39] 
where
the quantity Q denotes the electric charge of the spacetime and a is a solution to the equation
Here we only study the solution (35) for σ > 0 and notice that if we satisfy this condition then there are horizons at ρ = ±1/ √ σ. The QNMs of Nariai spacetime are solutions to the equations of motion that are purely outgoing near both horizons [31] . For the coupled electromagnetic and gravitational perturbations of vector type propagating in D-dimensional Nariai spacetime (35), in Ref.
[39] Kodama and Ishibashi showed that the equations of motion can be simplified to the decoupled partial differential equations (see Eqs. (4.43) of Ref. [39] )
and Φ V ± are the master variables (see Ref. [39] for more details). If the quantities Φ V ± depend on time as
then Eqs. (38) transform into the ordinary differential equations
where the quantities U (V ) ± are equal to
Using the definition of the tortoise coordinate (3), we get that for Nariai spacetime it is given by the following expression
and satisfies x → ±∞ as ρ → ±1/σ 1/2 . Hence, using the tortoise coordinate (43) we can write Eqs. (41) in the form
that is, as a Schrödinger type equation with a Pöschl-Teller potential.
As is well known the QN frequencies of the Pöschl-Teller potential which appears in Eq. (44) can be exactly computed (see for example Refs. [50] ). Therefore using these results we find that the QN frequencies for the coupled electromagnetic and gravitational perturbations of vector type are equal to
Moreover, for the coupled electromagnetic and gravitational perturbations of scalar type propagating in D-dimensional Nariai spacetime, in Ref. [39] Kodama and Ishibashi showed that their equations of motion can be simplified to the ordinary differential equations for the master variables φ S ± (see Eqs. (5.77) of Ref. [39] )
Using the tortoise coordinate x of expression (43) we can transform Eqs. (46) into
Thus if we replace the constants U
± , then the expression (45) also gives the QN frequencies for this type of coupled perturbations.
Therefore we find that for both types of coupled electromagnetic and gravitational perturbations the QN frequencies are determined by expression (45) . To our knowledge these results represent the first exact calculation of the QN frequencies for the coupled electromagnetic and gravitational perturbations in higher dimensions.
To finish this appendix we note that there are a few analytical results for the QN frequencies of the coupled electromagnetic and gravitational perturbations propagating in charged backgrounds. See Ref. [53] , for the analytically computed QN frequencies of the coupled perturbations moving in a four-dimensional near extremal Reissner-Nordström de Sitter black hole. Nevertheless the previous comparisons with numerical values show that the approximations used in this reference are only valid when the imaginary parts of the QN frequencies are small. Moreover, in Refs. [6] - [9] , are calculated analytically the asymptotic QN frequencies for the coupled electromagnetic and gravitational perturbations in four and D-dimensional Reissner-Nordström black holes. 
